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A CONSISTENT ALTERNATIVE TO THE DLVO THEORY

Jan J. Spitzer
IPM Emulsion Polymer Research,
Charlotte, North Carolina, USA

An overview of a new theory of repulsions between charged surfaces is given. The
theory is based on consistent Maxwellian electrostatics with linear distribution
laws, which predict the existence of co-ion exclusion boundaries. The theory covers
interactions from infinity to contact in terms of three electrostatic models: the low
potential (LP) model, the co-ion exclusion (CX) model, and the high potential (HP)
model. The new theory predicts short-range electrostatic forces that are much
stronger than those derived from the nonlinear DLVO theory; no universal
Van der Waals adhesion at short distances is predicted. For planar charged sur-
faces, these short-range electrostatic forces decay according to the inverse square
of separation in accordance with experimental observations.

Keywords: Adhesion and disadhesion; Short-range repulsions; DLVO theory; Dissocia-
tive electrical double layer; Maxwellian electrostatics; Co-ion exclusion; Ionic
atmosphere transitions

INTRODUCTION

The understanding of adhesion at charged surfaces in aqueous electro-
lyte solutions is of interest in many natural phenomena and in many
technical applications. For example, anaerobic bacteria adhere to
cellulosic fibers in termites’ guts, thereby enabling the hydrolysis of
cellulose; or colloidal clay platelets disadhere (swell) in wet soils, poss-
ibly causing structural damage to buildings. Many such seemingly
unrelated phenomena are best understood in terms of molecular forces
that act between charged and uncharged (macro) molecules that
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comprise adhesive=disadhesive systems [1, 2]. Excluding the consider-
ation of covalent bonding across interfaces, the adhesive=disadhesive
phenomena in ionic solutions are dependent on electrostatic and van
der Waals forces, as invoked in the Derjaguin-Landau-Verwey-Over-
beek (DLVO) theory [3].

One general prediction of the DLVO theory is that charged surfaces
always adhere at close separations because of the attractive van der
Waals forces (primary minimum). In other words, at close separations
the electrostatic forces are not strong enough to prevent van der Waals
adhesion. However, recent measurements of unexpectedly large repul-
sive forces between charged surfaces at close separations contradict
this general prediction (montmorillonites, mica, phospholipids) [1, 2,
4–7]. Often only ‘‘infinite’’ repulsion is observed. In the absence of
theoretical alternatives to the DLVO theory, these short-range forces
have been assigned to ‘‘hydration’’ forces [1, 2, 4, 5, 7]; however, such
‘‘hydration’’ forces have not yet been theoretically explained.

The nonlinear Poisson-Boltzmann Equation (PBE), which is used in
the DLVO theory to calculate electrostatic repulsions, has long been
known to be inconsistent [8–10]. The Maxwellian requirement that
the potential, w, of a volume element, dV, be proportional to the charge
dq¼ qdV (Poisson equation) is violated when the exponential depen-
dence between q (local charge density) and w is invoked according to
the Boltzmann theorem. Indeed, the authors of the DLVO theory [3,
pp. 22–55] warned against the use of the nonlinear PBE:

This method of determining n�(x, y, z) and nþ (x, y, z) from w(x, y, z) is
correct only for such small values of the electric potential w(x, y, z) that
it is permissible to develop the exponential form according to MacLaurin
series and to break off after the linear term. For in that case there is a
linear relation between w and q. For larger values of the electric poten-
tial the latter is no longer true, and the determination of the mean value
of n(x, y, z) from w(x, y, z), as indicated is then, strictly speaking, not
allowed.

It follows that the nonlinear PBE gives inaccurate theoretical
results for the short-range (high potential), coulombic interactions, be-
cause it violates Maxwellian electrostatics. A Maxwellian model is,
therefore, needed to provide a physically consistent alternative to
the DLVO theory.

Recent developments [11–16] of the Dissociative Electrical Double
Layer (DEDL) model, incorporating the Lubetkin-Middleton-Ottewill
Law (LMO), address the electrostatic inconsistency of the nonlinear
Poisson-Boltzmann equation, as epitomized by the Verwey and
Overbeek comment cited above. This new model is based on the Max-
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wellian requirement of linearity between potential and charge distri-
butions. The new model can predict unusually strong repulsions at
close separations of charged surfaces; no universal adhesion minima
that arise from van der Waals forces are predicted.

THEORETICAL OVERVIEW

There are two particular characteristics of the DEDL-LMO theory.
Firstly, the Debye-H€uuckel (DH) linear distribution laws are

retained to guarantee Maxwellian consistency, including the consist-
ency of calculating electrostatic free energies by different charging
processes. The resulting difficulty of negative co-ion concentrations
is solved elegantly by the introduction of the co-ion exclusion bound-
ary, b. This boundary divides the ionic atmosphere into the DH type
(far away at ‘‘infinite’’ separations), and the counter-ion-only atmos-
phere (between the surface charge and the DH atmosphere; see Figure
1). The hypothesized co-ion exclusion boundaries come about because
the co-ions may not remain in regions where their average repulsive
electrostatic energy (free energy) is higher than their average thermal
energy. The model is shown schematically in Figure 1 for two interact-
ing double layers, with relevant charge distributions described in the
legend.

Secondly, the DH model is enhanced by the explicit incorporation of
double layer association; experimental observations indicate that
charge densities that are determined by colloidal methods are lower
than those determined analytically. Therefore, some counter-ions form
a ‘‘Stern layer,’’ with the degree of association, a, defined by (Figure 1)

a ¼ � ra
r0

¼ 1

1 þ pj
: ð1Þ

The dependence on ionic strength via the DH constant, j, was determ-
ined from experimental data and termed the LMO law [12–14]. The
empirical constant, p, determines the sensitivity of the association to
ionic strength.

The DEDL-LMO model predicts two kinds of double layers that
merge under a singular physicochemical condition. The co-ion ex-
clusion (CX) double layer described in Figure 1 is applicable to high
Stern potentials. When the primary surface charge density decreases,
the co-ion exclusion boundary, b, moves toward the Stern layer until
the singular condition b¼a is reached. The CX double layer then
becomes a low potential (LP) double layer. This singular condition
for planar geometry is derived as
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wSðaÞ ¼ ð1 � aÞr0

e0ej

� �S
¼ wþ

t ¼ kT

zþe
; ð2Þ

where wS(a) is the Stern Potential, wt
þ is thermal electrostatic poten-

tial of co-ions, r0 is analytical surface charge, (1� a) is the degree of
dissociation of the Stern layer, 1=j is the famous Debye length, e0
and e are the permittivities of vacuum and of the solvent, respectively,
zþ is the valency of co-ions, e is electronic charge, and kT is the ther-
mal energy. The LP double layers are defined by

wLPðaÞ � ð1 � aÞr0

e0ej

� �S
¼ wþ

t ð3Þ

FIGURE 1 The basic structure of the co-ion exclusion (CX) double layer,
which consists of the DH ionic atmosphere q(þ�) between b and d, and of
counter-ion-only atmosphere q(�) between a and b. At x¼ 0 there is analytical
surface charge density, r0, and at x¼ a there is ‘‘Stern’’ surface charge den-
sity, ra. These charge distributions give rise to the corresponding Maxwellian
potential distributions.
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and the CX double layers by

wCXðaÞ � ð1 � aÞr0

e0ej

� �S
¼ wþ

t : ð4Þ

Equation (2) represents the physicochemical continuity between the
LP double layers (they have only the DH ionic atmospheres), and
the CX double layers of Figure 1, which have both the DH atmosphere
and the counter-ion-only atmosphere.

The co-ion exclusion surface, b, is a free electrostatic boundary, the
location of which is determined from the known potential (cf. Equation
(2))

wðbÞ ¼ kT

zþe
¼ wþ

t ð5Þ

and from the continuity of the electric field across the exclusion bound-
ary, b, as shown in Equation (6):

dw
dx

� �
in

¼ dw
dx

� �
out

: ð6Þ

The differential equation for the ‘‘inner,’’ counter-ion-only ionic atmo-
sphere (cf. the region a< x< b in the CX model, Figure 1), is derived as

r2w ¼ � q�
e0e

¼ k2½w� w�
t �; ð7Þ

where k is defined analogously to the well-known DH constant, j, but
without the co-ion concentration terms, and w�

t is the thermal electro-
static potential of counter-ions, cf. Equation (2). The Debye constant,
j, is defined by

n0e
2

e0ekT
ðz2

þmþ þ z2
�m�Þ ¼ j2; ð8Þ

where n0 is the bulk concentration of strong electrolyte composed of mþ
moles of co-ions and m� moles of counter-ions. The constant k in
Equation (7) is defined as

n0e
2

e0ekT
ðz2

�m�Þ ¼ k2; ð9Þ

where the symbols are defined above and in Figure 1. Equations (1)
through (9) define the electrostatically consistent (Maxwellian) basis
of the DEDL-LMO theory for any geometry and magnitude of surface
charges (or potentials).
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To gain a more tangible understanding of the workings of the
DEDL-LMO model, we now consider what happens when the double
layers in Figure 1 are pushed together in a 1:1 electrolyte. The Stern
potential, w(a), is higher than 25.7 mV, and the midpoint potential,
w(d), is less than 25.7 mV. On approach, the potentials increase
additively in a Maxwellian manner, and the co-ion exclusion
boundary, b, at constant potential, Equation (5), moves toward the
midpoint separation distance, d. The added electrolyte is being
squeezed out from between the plates. When b¼d, then
wðdÞ ¼ wðbÞ ¼ 25:7 mV, and the CX double layer interaction changes
into the High Potential (HP) interaction. This transition separation
distance, dHP, is given by

dHP ¼ aþ 1

k

� �
sinh�1 ð1 � aÞr0

e0ekðwþ
t � w�

t Þ

� �
: ð10Þ

At closer separations, the double layers interact in the HP mode of
interaction, when all electrolyte has been expelled from between the
plates. These and other transitions are described in detail in Spitzer
[16].

One of the most important results to date is the prediction of a new
limiting law in the limit of surface contact:

lim
d!a

PHPðdÞ ¼ p

1 þ pj

� �2r2
0

e0e
1

ðd� aÞ2
: ð11Þ

The limiting repulsive forces are predicted to decay according to the
inverse square distance of separation. In the limit of low concentration
(j ! 0 in Equation (11)), the already diminished dependence on ionic
strength drops out completely, giving

lim
j!0

d!a
PHPðdÞ ¼ p2 r2

0

e0e
1

ðd� aÞ2
; ð12Þ

where the empirical LMO constant, p, characterizes the dissociation of
charged surfaces.

RESULTS AND DISCUSSION

The calculation in the HP mode of interactions for montmorillonite
gels met with a quantitative success [11], allowing for a simple
explanation of ‘‘hydration’’ forces. With similar success, the HP model
was applied [12–14] to the extensive data on repulsions in homo-ionic
montmorillonites [6], which allowed the empirical derivation of the
LMO law (Equation (1)).
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The HP model was recently applied to a new set of data for Li-
montmorillonites [5] to re-check the validity of the contact limiting
law, Equations (11) and (12). The experimental data taken from
Figure 5 of Zhang et al. [5] are plotted in Figure. 2. The DEDL limiting
repulsive laws are seen to be obeyed in the limit of close separations.

The DEDL-LMO model is composed of three electrostatic models,
the LP, the CX, and the HP interaction regimes, which allow calcula-
tions of repulsive pressures over the total interaction space [16].

FIGURE 2 Experimental repulsive forces [5] replotted against separation
distance. The top curves are two superposed sets of data at 10�4 and 10�3

molar, the bottom curve at 10�1 does not obey the limiting laws as the inter-
action takes place in the CX mode rather than the HP mode. Thus, between
0.01 and 0.10 molar electrolyte begins to seep between the plates.

Alternative to the DLVO Theory 899

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
0
9
:
0
9
 
2
2
 
J
a
n
u
a
r
y
 
2
0
1
1



In Figure 3 the repulsions are calculated for two flat double layers
with charge density of 30lC=cm2 and the LMO parameter p¼ 0.90 Å
(slightly dissociating double layer); these parameters may be suitable
for a mica surface. The calculated data encompass both the exponen-
tial decaying forces at large separations, as well as the large repulsive
forces in the short-range interaction regime. The overall calculated
pressures are similar to the famous experiments with crossed mica
cylinders obtained with the Surface Forces Apparatus (SFA) [1, 2]
by Israelachvili and his school. The great advantage of these measure-
ments is that forces can be measured over very large separation
ranges. In comparison, the data for montmorillonite gels cover only
a narrow separation range close to the surface contact. However, as
in the case of the montmorillonite gels, very large repulsions were
measured with crossed mica cylinders. The mica data are similar to
the montmorillonite data, when recalculated into planar geometry
[17], which again confirms the limiting law of repulsions given by
Equations (11) and (12).

FIGURE 3 Repulsions for flat double layers from infinity to contact. The
highlighted points indicate the CX=HP transition (Equation (10)), and the
curves cover the ionic strength from 10�5 to 10�1 molar (1:1) electrolyte (right
to left).
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The DEDL-LMO model can predict enormous repulsive forces in the
close interaction regime in the range of hundreds of megapascals
(Table 1). The magnitude of these forces depends, inter alia, on the
value of the LMO parameter p; the larger its value, the more easily
the Stern layer dissociates. At any given ionic strength and separation
distance, the degree of association, a, increases, as shown in Table 1,
which indicates that the Stern layers assume increasingly hydrated
character.

The van der Waals attractive pressure P(vdW) remains the same at
the constant separation distance of 10.0 Å; it is calculated from

PðmdWÞ ¼ A

6p
1

ð2dÞ3
; ð13Þ

where the Hamaker constant A ¼ 2:2 � 10�20 J, and d is the midpoint
separation distance. The electrostatic repulsions, P(el), are calculated
from the midpoint potential, wðdÞ.

We can see that the very large repulsive electrostatic pressures,
P(el), dominate the total pressure, PðtotÞ ¼ PðelÞ þ PðmdWÞ, at large
values of the LMO parameter, p. These data are calculated for 0.20
molar 1:1 electrolyte (high ionic strength), which shows that stable,
nonadhesive repulsions can exist at high ionic strengths at highly
hydrated charged surfaces. The DLVO theory cannot explain
such electrolyte stability because the nonlinear Poisson-Boltzmann
equation underestimates the electrostatic repulsions. For the slightly
dissociable double layer with p¼ 0.20 Å in Table 1 (poorly hydrated
double layers) the electrostatic repulsion is smaller than the van der
Waals attraction, resulting in an overall adhesive force.

TABLE 1 Pressures for a Double Layer with Increasingly ‘‘Hydrated’’
Character

P (Å) a P(el) (MPa) P(vdW) (MPa) P(tot) (MPa) w(d) (mV)

0.20 0.986 0.32 �1.17 �0.85 31
0.25 0.965 1.18 �1.17 0.01 44
0.50 0.932 5.61 �1.17 4.44 110
1.00 0.872 21.80 �1.17 20.63 230
2.00 0.773 71.90 �1.17 70.73 430
4.00 0.630 195.00 �1.17 193.83 710

The data are calculated for ionic strength of 0.20 molar 1:1 electrolyte in water at
25�C, for two surfaces separated by 10.0 Å, with ionic size of 3.0 Å, and surface charge
density 30lC=cm2.
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CONCLUSIONS

The DEDL-LMO theory provides a self-consistent Maxwellian
description of ionic distributions at charged surfaces, characterized
by co-ion exclusion boundaries and consequent ionic transitions
during interactions. These linear ionic distributions are brought about
because co-ions cannot remain, on average, in regions where their
repulsive electrostatic energy (free energy) is higher than their
average thermal energy. The theory covers interactions from infinity
to contact in terms of three contiguous and continuous electrostatic
models of low potential (LP), co-ion exclusion (CX), and high potential
(HP) interactions.

The most significant result is the prediction of large coulombic
forces at high potentials and short separations compared with the non-
linear PBE of the DLVO theory. The larger coulombic forces follow a
new limiting law at close separations, where electrostatic forces decay
according to the inverse square of separation. This law is confirmed by
the data on montmorillonite gels and is in qualitative agreement with
Israelachvili’s experiments on crossed mica cylinders. However,
quantitative theoretical work on the crossed cylindrical geometry is
necessary.

As pointed out by Verwey and Overbeek in their initial exposition of
the DLVO theory, the nonlinear PBE represents an ‘‘unallowed’’
application of Poisson’s equation. Its use in the DLVO theory at close
separations (at high potentials) underestimates electrostatic
repulsions, giving rise to incorrect prediction of universal van der
Waals adhesion. The new DEDL theory utilizes strictly Maxwellian
electrostatics, which allows the prediction of larger electrostatic forces
than those predicted by the nonlinear PBE; universal van der Waals
adhesion is unlikely at charged surfaces.
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